Abstract. Let S be a finite set of powers of p containing 1. It is known that for some choices of S, if P is a finite p-group whose set of character degrees is S, then the nilpotence class of P is bounded by some integer that depends on S, while for some other choices of S such an integer does not exist. The sets of the first type are called class bounding sets. The problem of determining the class bounding sets has been studied in several papers whose results made it tempting to conjecture that a set S is class bounding if and only if p / ∈ S. In this article we provide a new approach to this problem. Our main result shows the relevance of certain p-adic space groups in this problem. With its help, we are able to prove some results that provide new class bounding sets. We also show that there exist non-class-bounding sets S such that p / ∈ S.
Introduction
It is known that any finite set of powers of a prime number p containing 1 can occur as the set of character degrees of some p-group of class ≤ 2 (see [5] ). (A new proof of this result has been found in [11] , where it has also been shown that any finite set of powers of p containing 1 and of cardinality greater than 1 occurs as the set of character degrees of some p-group of class n for any 1 < n ≤ p.) Following [9] and [11] , we say that a finite set S of powers of p containing 1 is class bounding if there is some integer n (depending on S) such that c(P ) ≤ n for every p-group P with cd(P ) = S. (As usual, cd(P ) denotes the set of degrees of the complex irreducible characters of P .) The question we are interested in is the following: which are the class bounding sets? This question has been object of study in recent years, and it seems to be far from being solved.
Throughout this article S will denote a finite set of powers of p containing 1. In 1968 I. M. Isaacs and D. S. Passman proved that if |S| = 2 then S is class bounding if and only if p does not belong to S. The analogous result for sets of size 3 has been proved in [9] , where Isaacs and the second author also found class bounding sets of arbitrarily large size. These class bounding sets share the property that p is not a member of any of them. These results made it tempting to conjecture that S is class bounding if and only if p does not belong to S. The proof of the "only if" part of this "conjecture" is the main theorem of [11] .
We say that S is strongly class bounding if there is some integer n (depending on S) such that c(P ) ≤ n for every p-group P with cd(P ) ⊆ S, that is, if every subset of S is class bounding. This concept is closely related to that of being class bounding. Of course, every strongly class bounding set is class bounding. Also, every known class bounding set is strongly class bounding. It seems likely that every class bounding set is strongly class bounding, but we have been unable to prove this.
In this work we provide a new approach to the problem of determining the (strongly) class bounding sets, which will allow us to make some progress toward a solution. Our main result characterizes the strongly class bounding sets in terms of certain pro-p groups. (We refer the reader to Section 3 for some basic facts about these groups and for more detailed references.) More precisely, we obtain a characterization in terms of certain p-adic space groups. The p-adic space groups were already known to be useful for some other problems related to the classification of finite p-groups, like in the coclass conjectures (see, for instance, [16] ).
Since the p-adic space groups are infinite groups, we need to refer to characters of infinite groups. We will do this in the following way. Given an arbitrary group G, we say that χ is an irreducible character of G if it is an irreducible character of some finite quotient of G and the set of character degrees of G, cd(G), is the set of degrees of its irreducible characters.
Theorem A. A set S is not strongly class bounding if and only if there exists a non-nilpotent just infinite p-adic space group R whose point group is a p-group and such that cd(R) ⊆ S.
Using this theorem, we can obtain results that provide both class bounding sets and non-class-bounding sets. First, we show some new class bounding sets. These results present some slight differences according to whether p = 2 or p is odd. We define
Theorem B. Let p j = min(S − {1}) and assume that j > 1. If the cardinality of S is less than or equal to j + 2 − (p), then S is (strongly) class bounding.
Observe that, in particular, this result gives a new proof of the fact that if p does not belong to S and |S| = 3, then S is class bounding. But it proves more. For instance, it proves that if p is odd then any set S of cardinality 4 such that p / ∈ S is class bounding. It also provides a new proof of Theorem A of [9] , except for the case when p = 2 and S = {1, 2 j , . . . , 2 2j } for some j > 1. Unfortunately, we have been unable to decide whether or not the stronger hypothesis in the case p = 2 is really necessary.
As an immediate corollary of this theorem we obtain the answer to Questions 2 and 3 of [11] . Following [11] , given a class bounding set S, we write b(S) to denote the maximum of the nilpotence classes of the p-groups P such that cd(P ) = S. Corollary C. Given any positive integer n and a prime P , there exists a p-group P such that cd(P ) is class bounding and dl(P ) = n. In particular, the maximum of the numbers b(S) as S runs over the class bounding sets cannot be bounded in terms of p.
Proof. Let P m,j be the Sylow p-subgroup of GL(m, p j ). It is well-known (see Satz III.16.3 of [3] , for instance) that there exists m such that dl(P m,j ) = n. We fix this value m. It is also known (see [4] and [7] ) that cd(P m,j ) is a set of powers of p j whose cardinality does not depend on j. Thus, choosing j large enough, | cd(P m,j )| ≤ j and therefore cd(P m,j ) is class bounding.
This corollary shows that there exist "complicated" p-groups whose set of character degrees is class bounding.
If every class bounding set were strongly class bounding, then the next result would generalize Theorem B of [9] . Anyway, it provides many new class bounding sets.
Theorem D.
Assume that S = {1} ∪ R ∪ T , where R and T are non-empty sets of powers of p, p < p j = min(R), {1} ∪ R is strongly class bounding and
Isaacs and Slattery [11] have proved that if p belongs to S then S is not class bounding. It has been asked (see Question 1 of [11] ) whether or not those are all the non-class-bounding sets. Our next theorem shows that the answer is "no".
This theorem also shows that, at least when p is odd, the result obtained in Theorem B is best possible, i.e., there exist non-class-bounding sets S of cardinality j + 3, where p j = min(S − {1}). In our way toward a proof of these theorems we obtain several results that, we hope, will be useful for other purposes. Some of these results are related to the minimum degree of the non-linear irreducible characters of a finite p-group. Other results refer to the number of orbit sizes in the action of groups on modules. We think that the following result is specially noteworthy (even though the proof is easy), and this is the reason why we state it here. It refers to arbitrary finite groups. Given a finite group G and a module V for G, we write os(G, V ) to denote the set of orbit sizes in the action of G on V excluding the number 1. We also write d(G) to denote the minimal number of generators of G. We recall that the rank of a finite group G (we denote it by rk(G)) is the maximum of the numbers d(H), as H runs over the subgroups of G. We have been unable to find any reference to results of this type when the field is infinite. T. M. Keller has obtained results of this flavor for finite fields (see, for instance, Theorem 2.1 of [12] ). We do not know whether a linear bound for the number of generators (or, perhaps, even for the rank) exists.
We have tried to make this paper as comprehensible as possible, giving references to most of the results required about character theory and pro-p groups. In Section 2 we give the proof of Theorem F, which does not require either character theory or the theory of pro-p groups. Next, in Section 3 we present the basic facts about pro-p groups required in the remainder of this work. We devote Section 4 to the proof of Theorem A. In Section 5, which can be read independently of the rest of the paper, we study the relation between the minimal degree of the non-linear irreducible characters of a finite p-group and the rank of the abelian subgroups of License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3910 A. JAIKIN-ZAPIRAIN AND ALEXANDER MORETÓ the p-group, and obtain results that will possibly be useful for other questions. We obtain more results referring to the minimal degree in Section 6, but these are more focused on our problem and allow us to present the proofs of Theorems B and D in Section 7. Finally, we construct the example that proves Theorem E in Section 8, and we conclude with some observations and questions in Section 9.
We thank Y. Barnea for helpful comments about the writing of this paper. This work was done while the second author was visiting the University of Wisconsin, Madison. He thanks the Mathematics Department for its hospitality.
Orbit sizes and number of generators
Throughout this section G denotes an arbitrary finite group. Our aim is to prove Theorem F. We begin with an easy (but important) lemma. 
Proof.
. We consider the centralizers C γ = C G (v 1 + γv 2 ), as γ runs over F . Since the order of the field F is greater than the number of subgroups of G, there exist two different elements of F , α and β, so that C α = C β = C. Hence C centralizes v 1 and v 2 . Conversely, every element that centralizes v 1 and v 2 belongs to C. Therefore
The next proposition includes what we need to prove our results on the nilpotence class and character degrees of finite p-groups. 
and the result follows since, by the previous lemma, the intersection of centralizers is a centralizer.
Theorem 2.3. Let d be the maximum rank of the abelian subgroups of a finite
Proof. This is a theorem of J. G. Thompson (see Satz III.12.3 of [3] ) for odd primes and A. Mann [18] for p = 2.
Theorem 2.4. The number of generators of a finite group G cannot exceed 1 + max d(P ), as P runs over the Sylow subgroups of G.
Proof. This theorem has been obtained independently by R. M. Guralnick [2] and A. Lucchini [17] , using the classification of finite simple groups. The result had been previously obtained by L. Kovacs [14] for solvable groups. 
It would be interesting to decide whether a linear bound exists. We have not attempted to do this, however.
Some basic facts about pro-p groups
In this section we review some elementary results about pro-p groups that will be necessary in the remainder of this article. We refer the reader to [1, 13] or [23] for background and more advanced results on pro-p groups.
We begin with the definition of a pro-p group, which is based on the notion of inverse limit. We recall that a directed set is a non-empty partially ordered set (X, ≤) such that if x, y ∈ X then there exists z ∈ X such that z ≥ x and z ≥ y. An inverse system of finite p-groups over X is a family of finite p-groups (G x ) x∈X with homomorphisms α x,y : G x → G y (defined when x ≥ y) such that α x,x is the identity and α x,y α y,z = α x,z whenever x ≥ y ≥ z. We say that the inverse system is surjective if all the homomorphisms α x,y are surjective. The inverse limit of a surjective inverse system of finite p-groups is the subgroup of the cartesian product x∈X G x consisting of all the elements of the form (g x ) x∈X such that g x α x,y = g y whenever x ≥ y. We give the discrete topology to each of the G x and the product topology to x∈X G x . In this way, the inverse limit G with the induced topology is a topological group. This topological group is called a pro-p group. We say that G is finitely generated if it is finitely generated as a topological group. (This is equivalent to the existence of a number
An example of a pro-p group is the additive group of the ring of p-adic integers Z p , which arises as the inverse limit of the cyclic groups of p-power order. Its role in the theory of pro-p groups is similar to that of the cyclic groups of prime order within the theory of finite groups.
One standard fact that we will use is that a non-nilpotent pro-p group has finite quotients of arbitrarily large nilpotence class. To see this, observe that a pro-p group G is a subgroup of a direct product of finite nilpotent groups (those forming the surjective inverse system). Since G is not nilpotent, there exist finite p-groups of arbitrarily large nilpotence class among those that belong to the inverse system. Now, it is enough to note that each of these finite p-groups is a quotient of G (this follows from the fact that the inverse system is surjective).
Let C be a class of finite p-groups. We call a group G a pro-C group if it is a pro-p group proceeding from an inverse limit of groups in the class C.
We need the following fact about pro-C groups.
Lemma 3.1. Let C be a class of finite p-groups closed under quotients, and G a finitely generated pro-C group. Then every finite quotient of G belongs to C.
Proof. Let N be a normal subgroup of G of finite index. By Theorem 4.3.5 of [23] , N is open. There exists a family of finite p-groups (G x ) x∈X ⊆ C such that G is the inverse limit of (G x ). Now, by Proposition 1.2.1 of [23] , G/N is isomorphic to a quotient of some G x . Hence G/N ∈ C.
Next, we recall the concept of p-adic space group. We write Z p to denote the ring of p-adic integers and Q p to denote its field of quotients. An l-dimensional (l > 0) p-adic space group R can be defined as an extension of a free Z p -module T (R) of rank l by a finite group P (R) acting faithfully on T (R). The subgroup T = T (R) is called the translation subgroup of R, and P = P (R) is its point group. In this paper, we will also assume that P (R) is a p-group. In this case, R is a pro-p group (it is the inverse limit of the groups (R/p k T ) k∈N , where the homomorphisms are the canonical projections). We say that R is just infinite if every non-trivial closed normal subgroup of R has finite index in R. By p. 2 of [13] , this means that
We need the next result about just infinite p-adic space groups. We use the notation above.
Lemma 3.2. Let R be a just infinite p-adic space group, P = P (R) and T = T (R).
Then there exists a Z p P -module M , which is Z p -free, such that R is a subgroup of finite index of P M and R ∩ M = T .
Proof. See p. 76 of [15] .
A characterization of strongly class bounding sets
In this section we prove Theorem A. This result will be the key to our results on class bounding and non-class-bounding sets.
We need two easy and known lemmas. We include their short proofs for the convenience of the reader. The first one is a ring theoretic fact.
Lemma 4.1. In the quotient polynomial ring
D = Z p [T ]/(T p − 1), the following hold: (i) pD ⊆ (T − 1)D + (T p−1 + · · · + T + 1)D. (ii) (T − 1) p D = p(T − 1)D. Proof. (i) Notice that for all i, T i − 1 ∈ (T − 1)D. Since p = (T p−1 + · · · + T + 1) − p−1 i=1 (T i − 1), the result follows. (ii) Consider the homomorphism of D-modules ϕ : D −→ (T − 1)D defined by ϕ(f (T ) + (T p − 1)) = (T − 1)f (T ) + (T p − 1) for any f (T ) ∈ Z p [T ]. It is clear that Ker ϕ = (1 + T + · · · + T p−1 )D and that ϕ determines an isomorphism between B = Z p [T ]/(1 + T + · · · + T p−1 )
and (T − 1)D as D-modules. Under this isomorphism, the ideals p(T − 1)D and (T − 1)
p D of D correspond to the ideals pB and (T − 1) p−1 B of B, respectively. Our task is to show that these last two ideals coincide. To prove that (T − 1) p−1 B ⊆ pB it is enough to use the binomial formula,
and the fact that
As in the first part, p ∈ (T − 1)B. Therefore Proof. We may view A as a subgroup of GL(n, F ), where F is an algebraically closed field containing F . Thus A is diagonalizable and we conclude that A has rank ≤ n.
We recall some notation from [8] : given a normal subgroup N of a group G, we write Irr(G|N ) to denote the set of irreducible characters of G whose kernel does not contain N , and cd(G|N ) to denote the set of degrees of the characters of Irr(G|N ). Proof. First, assume that there exists such a p-adic space group. As observed in the previous section, R has finite quotients of arbitrarily large nilpotence class. Furthermore, all the character degrees of any of these quotients belong to S. We conclude that S is not strongly class bounding.
Conversely, suppose that S is not strongly class bounding. We want to prove that there exists a non-nilpotent just infinite p-adic space group R such that cd(R) ⊆ S. For every a ≥ 0, we consider a set S a of finite p-groups defined as follows: P belongs to S a if and only if cd(P ) ⊆ S, Z(P ) is cyclic and P has an abelian normal subgroup A of index at most p a . Write p m = max(S). By Theorem 12.26 of [6] , every finite p-group whose set of character degrees is contained in S has an abelian normal subgroup of index bounded by some function of p m . Hence, there exists an integer b (which is bounded by some function of p m ) such that for every a ≥ b, S a = S b . It is clear that if a given set S is not strongly class bounding, then there exist finite p-groups with cyclic center and character degrees contained in S of arbitrarily large nilpotence class. (Given a finite p-group P of nilpotence class n, there exists χ ∈ Irr(P |γ n (P )). Hence c(P/ Ker χ) = n, P/ Ker χ has cyclic center and cd(P/ Ker χ) ⊆ cd(P ).) Thus there is not an absolute bound for the nilpotence class of the groups of r S r . Let s be the integer such that the nilpotence class of all groups in S s−1 is bounded by some number (say c) but there is not any bound for the groups in S s . It is clear that s ≤ b.
Let n be any integer greater than c. Let P ∈ S s , of nilpotence class greater than n + p m . Then P has an abelian normal subgroup A of index p s . Put P = P/A and let z ∈ Z(P ) be an element of order p. We view A as a left Z p P -module, and write A 1 = (z − 1)A and Note that if P ∈ W, then every quotient of P also belongs to W. Now, we construct an infinite pro-p group G such that G/γ k (G) belongs to W for every k and G has an abelian normal subgroup B of index p s . Consider the pairs (P, A), where P ∈ W and A is an abelian normal subgroup of P of index at most p s . We say that two pairs (P 1 , A 1 ) and (P 2 , A 2 ) are equivalent if there exists an isomorphism of groups φ : P 1 → P 2 such that φ(A 1 ) = A 2 . We shall identify two such pairs. If we fix the order of P , then there exist a finite number of inequivalent pairs.
Let R 1 = ({1}, {1}) and W 1 = {(P, A) | P ∈ W}. Suppose that we have constructed a pair R j = (P j , A j ) and an infinite subset W j of W 1 such that if (P, A) ∈ W j , then (P/γ j (P ), Aγ j (P )/γ j (P )) is equivalent to R j . The number of possibilities for (P/γ j+1 (P ), Aγ j+1 (P )/γ j+1 (P )) when (P, A) ∈ W j is finite. Then there exists R j+1 such that the set W j+1 consisting of the pairs (P, A) ∈ W j with (P/γ j+1 (P ), Aγ j+1 (P )/γ j+1 (P )) equivalent to R j+1 is infinite. Let (G, B) be the inverse limit of R j (the maps are the canonical projections). Since the number of generators of the groups P j remains bounded for j ≥ 2 (this is because, by the definition of W, the number of generators of any of the groups P j cannot exceed
is finitely generated and, by Lemma 3.1, cd(G) ⊆ S. Let t(B) be the torsion subgroup of B. Note that t(B) is a finite normal subgroup of G. Replacing G by G/t(B)
, we can suppose that B is torsion free. Decompose V = Q p ⊗ Zp B = V i as a sum of irreducible Q p (G/B)-modules (this is possible by Maschke's Theorem). Suppose that V 1 is a non-trivial submodule. With a slight abuse of notation, we write N = B ∩ i≥2 V i and view it as a normal subgroup of G. We also write T = B/N and R = G/N . By the definition of N , T is a Z p -free module. Also, R/T acts irreducibly and non-trivially on V 1 ∼ = Q p ⊗ Zp T and, in particular, R is not nilpotent. Put K = C R (T ). By the choice of s, T is a maximal abelian normal subgroup of R. Thus K = T , so the action of R/T on T is faithful. This means that R is a non-nilpotent p-adic space group and, by p. 2 of [13] , it is also just infinite.
The same argument as in the proof of this theorem allows one to prove analogous results for classes of groups closed under quotients. For instance, for the class of metabelian groups, we have
Theorem 4.4. Let S be a set of powers of p containing 1. Then S is not strongly class bounding within the class of finite metabelian p-groups if and only if there exists a metabelian non-nilpotent just infinite p-adic space group R such that cd(R) ⊆ S.
With the help of this theorem it is not difficult to obtain a new proof of part of Theorem 2.7 of [9] . (We remark that our methods do not allow us to find any bounds.)
Theorem 4.5. Assume that p / ∈ S. Then S is class bounding within the class of finite metabelian p-groups.
Proof. We argue by way of contradiction. By Theorem 4.4 there exists a metabelian non-nilpotent just infinite p-adic space group R such that cd(R) ⊆ S. Thus the point group P is abelian and, since it acts irreducibly on Q p ⊗ T , we conclude that P is cyclic. Now, using Lemma 2.1 of [9] , we conclude that cd(R) = {1}, a contradiction.
The minimum degree of the non-linear irreducible characters
It is known that the minimum degree of the non-linear characters of a finite non-abelian p-group P has a strong influence on the structure of the group (see, for example, Problem 5.14 of [6] , or [19] ). In this section we obtain new results in this direction. We write m(P ) to denote the minimum of the degrees of the non-linear irreducible characters of P . Our results relate m(P ) and the rank of the abelian subgroups of P .
The first part of the next lemma is well-known (see Theorem 6 of [19] ), but we include the proof for the sake of completeness.
Lemma 5.1. Let P be a finite p-group and p j the minimum degree of the non-linear irreducible characters of P . Then the following hold.
(
Proof. (i) Let M be a normal subgroup of P such that |P : M | = p, and write
, we may assume that P has order p. By Problem 2.13 of [6] , for instance, p 2j = |P : Z(P )| and, since P/Z(P ) is elementary abelian, it follows that d(P ) ≥ 2j.
(ii) Let M be a normal subgroup of P of index p in γ n+1 (P ). Let V = P/Φ(P ) and U = γ n (P )/γ n+1 (P )γ n (P ) p . Write P = P/M . We have a bilinear pairing Proof. Let c = c(P ). Then [γ c−1 (P ), γ c−1 (P )] ≤ γ 2(c−1) (P ) = 1, so γ c−1 (P ) is abelian. By the previous lemma, its rank is at least j.
Assume now that p > 2 and Z(P ) is cyclic. We may assume that the rank of all abelian subgroups of P is ≤ j, and we want to obtain a contradiction. Let
. Now, since the number of generators of γ c−1 (P ) is j, the number of generators of A is also j. Thus A is a maximal normal abelian subgroup of exponent p of P . By a theorem of J. Alperin (see Satz III.12.1 of [3] ), every element of order p of C P (A) belongs to A and therefore is central in C P (A). Now, by a theorem of Thompson (see Hilfssatz III.12.
a contradiction with Lemma 5.1.
If the nilpotence class of P is 2 and Z(P ) is cyclic, we can obtain a similar result. Lemma 5.3. Let P be a p-group of class 2, and assume that Z(P ) is cyclic. If m(P ) = p j , then there exists an abelian subgroup of rank at least j. Furthermore, if p is odd, then P has an abelian subgroup of rank ≥ j + 1.
Since Z(P ) is cyclic and P has class 2, |H | = p. As before, commutation determines an alternating form α :
Since the dimension of V is at least 2j, there exists an isotropic subspace W of V of dimension at least j. Then the preimage of W in H is abelian and has rank ≥ j, as desired.
Assume now that p > 2. We define a group homomorphism ϕ :
Finally,
where the second equality holds because P ≤ K and W 1 ≤ Ker ϕ. This concludes the proof.
The results obtained in this lemma are best possible, as any extraspecial p-group when p is odd and central products of a quaternion group and dihedral groups of order 8 if p = 2 show.
Orbit sizes and m(P )
We have just studied the influence of m(P ) on the structure of a p-group P . Now, we shall show that this invariant is also important in our problem.
We need a series of lemmas. Let R be a non-nilpotent just infinite p-adic space group. By Lemma 3.2, R is a subgroup of finite index of a semidirect product S = M P , where M is a free Z p -module and P is a finite p-group that acts faithfully on M . We will assume this notation from here on. We will also keep the notation of the proof of the following lemma throughout this section.
Lemma 6.1. Let M be a free Z p -module and let P act on M . Then there exists a
Now, we write α k,k−s to denote the composition of the restriction homomorphism
It is easy to check that the P -modules (Irr(M/p k M )) k∈N with the surjective Phomomorphisms (α k,n ) k≥n form an inverse system. Let U be the inverse limit of this system. Of course, for every n, Irr(M/p n M ) and U/p n U are isomorphic Z p P -modules.
Assume now that P acts faithfully on M . By way of contradiction, suppose that there exists 1 = g ∈ P that acts trivially on U . Then g acts trivially on U/p n U ∼ = Irr(M/p n M ) for every n. Hence g acts trivially on M/p n M for every n. It follows that g acts trivially on M , a contradiction. 
It is clear that C P (u) ≤ C. We want to prove the reverse inequality. Assume that g ∈ P does not act trivially on u, so that
We write
to denote the group isomorphisms whose existence was proved in Lemma 6.1. By Problem 6.18 of [6] , for instance, φ k (u k ) extends to its stabilizer in S. Write ψ k (u k ) to denote any of these extensions. Now, by Clifford's correspondence (Theorem 6.11 of [6] 
This way we can obtain information about the character degrees of S. However, we are interested in the character degrees of R. Our next result shows that all the degrees of S constructed in this way are indeed members of cd(R).
Lemma 6.3. With the notation above, there exists a positive integer
Proof. By Lemma 3.2, we know that S = M R and M ∩ R = T (R). By Problem 5.2 of [6] ,
We need to show that when k is large enough, this last character is irreducible. It is clear that (
is the inertia subgroup of (φ k (u k )) T in R. If we prove this, then the result will follow using Clifford's correspondence.
Since M/T is finite, there exists s such that p s M ≤ T . By the construction of Lemma 6.1, U is the inverse limit of (Irr(M/p k M ), α k,n ). For k > s we have the following commutative diagram, where the maps are homomorphisms of Z p Pmodules, the left vertical arrow denotes the canonical projection and the right vertical arrow is the homomorphism α k,k−s :
Since the vertical arrows of the diagram are P -isomorphisms, we conclude that
Using the notation of the proof of Lemma 6.1, we observe that
is invariant under a given element of P if and only if φ k (u k ) p s M is invariant under that element. In particular, we deduce that the inertia groups in S of φ k (u k ) and Proof. Let n ∈ os(P, U ) and u ∈ U be such that |P :
, and we conclude that K ≤ Ker χ u k . Since, by Lemma 6.2, C P (u) = C P (u k ) for large k, we obtain that
By Lemma 6.3, if k is large enough, (χ u k ) R ∈ Irr(R). We deduce that n ∈ cd(R|K).
Next we prove the main result of this section, whose proof is now immediate. 
Proof. Since P is not abelian, m(P ) ≥ m(R). By extending scalars we may view U as a faithful Q p P -module. By the previous lemma and Proposition 2.2,
for every abelian subgroup A of P . Since P acts faithfully and irreducibly on T , Z(P ) is cyclic. Now, the result follows from Corollary 5.2 and Lemma 5.3.
Class bounding sets
Now, with the help of Theorem 6.5 and Theorem A, we can present the proofs of Theorem B and Theorem D, which provide new class bounding sets. Proof. Assume that S has cardinality ≤ j + 2 − (p) and min(S − {1}) = p j > p. Suppose that S is not strongly class bounding. Then, by Theorem A, there exists a non-nilpotent just infinite p-adic space group R such that cd(R) ⊆ S. Since R is not nilpotent, it has finite quotients of arbitrarily large nilpotence class. By Theorem 2.7 of [9] we have that R is not metabelian. Hence P (R) is not abelian. Since R is just infinite and is not metabelian, then K = R is a normal subgroup of finite index of P (observe that by Proposition 1.19 of [1] , K is closed). By Theorem 5.12 of [6] , 1 and p j do not belong to cd(R|K). Now, we can apply Theorem 6.5 to obtain that
a contradiction with the hypothesis. Proof. By way of contradiction, suppose that S is not strongly class bounding. As before, there exists a non-metabelian non-nilpotent just infinite p-adic space group R such that cd(R) ⊆ S. Since {1} ∪ R is strongly class bounding, there exists an integer n such that for every finite p-group P with character degrees contained in {1} ∪ R, c(P ) ≤ n. Let K = γ n+1 (R) and let χ be an arbitrary element of Irr(R) such that χ(1) ∈ {1} ∪ R. The finite group R/ Ker χ has a faithful character whose degree belongs to R and, by the fact that min(T ) > max(R) 2 and Theorem 4.3 of [6] , cd(R/ Ker χ) ⊆ {1}∪R. We conclude that K ≤ Ker χ. Hence, cd(R|K) ⊆ T . This contradicts Theorem 6.5. The theorem follows.
Sets that do not bound the class
In this section we prove Theorem E. Before proceeding with the details of the construction that provides the non-class-bounding sets, we will explain briefly what the group looks like. We work in the group ring of an extraspecial p-group E of order p 2j+1 for j > 1 over the p-adic integers. Within this group ring we find an appropriate infinite abelian subgroup A on which E acts by left multiplication. The semidirect product G = A E has finite quotients which are p-groups of arbitrarily large nilpotence class. Most of the work is to prove that m(G) ≥ p j . For this we need to show that if the inertia subgroup of a character of A is "large", then it must
The group E has an elementary abelian subgroup of order p j+1 . Arguing as in the proof of Theorem B, we obtain that G has at least j + 3 character degrees. Hence cd(G) = {1, p j , . . . , p 2j+1 }. The group G is the inverse limit of (G/p k A) k∈N [11] , cd(H) = S ∪ {p j }. Observe also that the class of H is 2. We define an action of H on A in the following way: H/X acts on A as E acts on A, and X acts trivially on A. The proof of the previous theorem shows that the inertia subgroup of any irreducible character of A has index ≥ p j in H. Also, by the definition of the action, X fixes any character of A; so this index cannot be greater than p 2j+1 . Assume that T is the stabilizer in H of some character of A, and let β ∈ Irr(T ). Since X is abelian, β(1) ≤ |T : X|. Using Lemma 8.3, we conclude that cd(HA) = S ∪{p j , . . . , p 2j+1 }. We conclude the result as in the proof of the previous theorem.
Further remarks and questions
We hope that the techniques introduced in this paper will be useful to make further progress on the problem of determining the class bounding sets. However, we cannot even guess what sets may be expected to be class bounding. In this section we intend to show that there is still much work to be done before a complete answer can be found. Our first question is directly related to the results of this article. In particular, it would be interesting to decide the answer to the following question. As we have seen, any set of powers of an odd prime number p of cardinality 4 not containing p is class bounding. This seems the most likely counterexample for p = 2.
We think that the next question should have an affirmative answer.
Question 9.3. Is every class bounding set strongly class bounding?

